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Abstract
In this paper, we introduce a notion of “Galois average” which allows us to give a suitable
answer to the question: how can one extend a ﬁnite Galois extension E/F by a prime degree
extension N/E to get a Galois extension N/F ? Here, N/E is not necessarily a Kummer
extension.
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0. Introduction
Let p be a prime number. Let E/F be a ﬁnite Galois extension of ﬁelds of char-
acteristic different from p. In this article, we consider the following old problem. We
want to decide when there exists a ﬁeld N of degree p over E such that N/F is a
Galois extension and, in this case, to exhibit a primitive element of N over E. This
problem was studied by Hasse [8] when the ﬁeld E contains the group p of pth roots
of unity. But his results are difﬁcult to read and we give here, using the notion of
Galois average, a more convenient approach.
In Section 1, we prove a Galois extensibility criterion for the existence of a ﬁeld N.
For this purpose, we associate to every Galois extension N/F a unique homomorphism
f ∈ Hom(G,F×p ), where G := Gal(E/F) and Fp = Z/pZ. But this criterion does
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not provide an explicit primitive element of N over E. To get such an element, we
introduce, in Section 2, the “Galois average gafE/F of E/F for f ” as follows: we endow
the Fp-vector space E×/E×p with the G-structure induced by the representation f :
G→ AutFp (E×/E×p) deﬁned by
∀x ∈ E×/E×p, x := f (x) = (x)f ()−1 ( ∈ G)
and, when p does not divide the order of G, we set (in additive notation)
ga
f
E/F :=
TrG
|G| ,
where TrG is the trace endomorphism: TrG(x) = ∑∈G x. The image of gafE/F is
precisely the group which allows us to state the criterion in Section 1. Moreover, the
direct sum ⊕
f∈Hom(G,F×p )
Im(gafE/F )
may be equal to the whole space E×/E×p. In Section 3, we discuss the cases when
this is true for abelian extensions by introducing a new invariant in such extensions,
the “product formula ﬁeld” P of E/F satisfying
∏
∈Hom(Gal(P/F),F×p )
ga

P/F = idP×/P×p .
To remove the restriction p  |G| in the deﬁnition of Galois averages, we take the
quotient of G by the characteristic subgroup Gp generated by the p-Sylow subgroups
of G. Then, we deﬁne the “p-Galois averages” of E/F for all  ∈ Hom(G/Gp,F×p )
which generalize the Galois averages: when p  |G|, a p-Galois average is a Galois
average. In Section 4, we improve the Galois extensibility criterion of Section 1 by
getting, for any ﬁnite Galois extension E/F with E ⊇ p, multiplicative primitive
elements over E, as products in terms of p-Galois averages, of all ﬁelds N Galois
over F. In Section 5, we add cohomology for p-extensions, and discover a surprising
property of p-Galois averages: they preserve the cohomology class of a degree pn+1
Galois extension over a given degree pn Galois extension. Then, we are able to solve
all the embedding problems with kernel of order p over any Galois p-extension L/J ,
whenever the corresponding Kummer problem is solvable. Sections 6 and 7 are devoted
to applications in some special cases. In Section 6, we exhibit via Galois averages an
explicit primitive element for any non-Kummer cyclic extension of prime degree. In
Section 7, we construct the cyclic extensions of degree 9 which do not contain 3.
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1. Galois extensibility criterion
Let p be a prime number and F a ﬁeld of characteristic not p. We denote by E/F a
ﬁnite Galois extension, with Galois group G := Gal(E/F), where the ﬁeld E contains
a ﬁxed primitive pth root of unity p.
Lemma 1.1. Let N/E be a cyclic extension of degree p. Let x be any element of E×
such that N = E(x1/p).
(1) The extension N/F is Galois if and only if for every  ∈ G there exists an integer
i ∈ Z \ pZ and some x ∈ E× such that
(x)
xi
= xp .
(2) Assume that N/F is a Galois extension.
• A necessary condition for N/F to be abelian is that
(p) = pi ( ∈ G),
where i is the integer of condition (1).
• Moreover, when the extension E/F is cyclic, this necessary condition is also
sufﬁcient.
Proof. Standard facts of Galois theory: for (1) see e.g. [4, III], and [22, p. 325] or [23]
for (2). 
Theorem 1.2. (1) Let N/E be a cyclic extension of degree p.
µE 
F
N
G
p
For any homomorphism f ∈ Hom(G,F×p ), let
Norf (E/F) := {e ∈ E×/E×p | ∀ ∈ G, (e) = ef ()},
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where F×p acts on E×/E×p in the natural way. The following conditions are equivalent:
(NOR0) N/F is a Galois extension.
(NOR1) ∃f ∈ Hom(G,F×p ) ∃x ∈ Norf (E/F) \ {1}, N = E(x1/p)(= E(x1/p)).
(NOR2) ∀x ∈ E×/E×p, N = E(x1/p)⇒ (∃f ∈ Hom(G,F×p ) x ∈ Norf (E/F)).
(NOR3) ∃f ∈ Hom(G,F×p ) ∀x ∈ E×/E×p, N = E(x1/p)⇒ x ∈ Norf (E/F).
(2) Whenever a homomorphism f from the assertion (1) exists, it is uniquely deter-
mined. Precisely, let us denote by Nor(E/F) the set of all Galois extensions N/F
where N is cyclic of degree p over E. Then, we have the map
 : Nor(E/F) → Hom(G,F×p ),
(N/F) → f.
When E/F is a p-extension, this map  is necessarily trivial.
(3) Let (N/F) ∈ Nor(E/F) with (N/F) = f (cf. (2)). We deﬁne the “cyclotomic
homomorphism”  ∈ Hom(G,F×p ) by
∀ ∈ G ∀ ∈ p, () = ().
Let Xp = x ∈ E× where N = E(x1/p). For any  ∈ G, denote by
• x an element of E× such that
(x)
xf ()
= xp
(here f () is taken in Z as a ﬁxed representative number);
• ˜ the extension of  to Gal(N/F): ˜|E = , deﬁned by
˜(X) = xXf().
Then
(3.1) ∀ ∈ Gal(N/E) ∀ ∈ G ˜  ˜−1 = f ()−1().
(3.2) We have the following implication:
(N/F abelian)⇒ (N/F) = .
Moreover, when the extension E/F is cyclic, this implication is an equivalence.
Proof. (1) (NOR0) ⇒ (NOR1). Using Kummer theory, we know there exists x ∈
E× \E×p for which N = E(x1/p). When N/F is a Galois extension, it follows from
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Lemma 1.1(1) that
∀ ∈ G, ∃i ∈ Z \ pZ, ∃x ∈ E×, (x)
xi
= xp .
The mod p class i˜ ∈ F×p is necessarily unique. Indeed, to have (x)xj ∈ E×p with j˜ = i˜
implies x ∈ E×p which is a contradiction. This induces a map
f : G → F×p ,
 → f () := i˜,
which is clearly an homomorphism; and by deﬁnition, x ∈ Norf (E/F) \ {1}.
(NOR1) ⇒ (NOR2). Let f ∈ Hom(G,F×p ) and x ∈ Norf (E/F) \ {1} such that
N = E(x1/p). By the equality criterion of two Kummer extensions of degree p, we
have the equivalence
∀x′ ∈ E×/E×p, N = E(x′1/p)⇔
(
∃i˜ ∈ F×p x′ = xi˜
)
.
So, x′ belongs to the multiplicative group Norf (E/F).
(NOR2)⇒ (NOR3). Let x (resp., x′) ∈ E×/E×p \{1} such that N = E(x1/p) (resp.,
N = E(x′1/p)). From the hypothesis we have
∃f ∈ Hom(G,F×p ) x ∈ Norf (E/F) (resp., ∃f ′ ∈ Hom(G,F×p ) x′ ∈ Norf
′
(E/F)).
As in the previous implication, E(x′1/p) = E(x1/p) implies: ∃i˜ ∈ F×p x′ = xi˜ . Then
∀ ∈ G x′f ′() = (x′) = ((x))i˜ = xi˜f () = x′f ()
and we deduce f ′ = f because x′ = 1. This proves that f does not depend on the
class x inducing N.
(NOR3)⇒ (NOR0). Given by Lemma 1.1(1).
(2) The uniqueness of the homomorphism f is clear via condition (NOR3); whence the
existence of the map . It is trivial for G a p-group because then Hom(G,F×p ) = {1}.
(3) (3.1) The equality is obvious in the ﬁeld E. We prove it for X. By
deﬁnition
X = −1(x)˜−1(X)f ().
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On the one hand, there exist natural integers g(), n ∈ N such that
f ()g() = 1+ np.
So we get
˜−1(X) = −1(x−nx−g )Xg .
On the other hand,
(x) = x ⇔ (∃ ∈ p (X) = X).
This leads to
˜  ˜−1(X) = f ()−1() X = f ()−1()(X)
as desired.
(3.2) Clear by (3.1). 
The groups Norf (E/F) can be trivial [11]. But for hilbertian ﬁelds, they are always
very big:
Theorem 1.3. When F is an hilbertian ﬁeld, any Fp-vector space Norf (E/F) is of
inﬁnite dimension:
∀ f ∈ Hom(G,F×p ), dimFp Norf (E/F) = ∞.
Proof. See [11]. 
2. Deﬁnition of Galois averages
Any ﬁxed homomorphism f ∈ Hom(G,F×p ) induces the following operation of G =
Gal(E/F) on the Fp-vector space E×/E×p:
G× (E×/E×p) −→ E×/E×p,
(, x¯) −→ x¯ := (x¯)f (−1)
(F×p acting in the natural way). Endowed with the representation of G
f : G −→ AutFp (E×/E×p),
 −→ f ,
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where
∀x¯ ∈ E×/E×p f (x¯) := x¯,
the space E×/E×p is a “G-module” [12, Chapter XVIII]. Let us consider the trace
endomorphism of this G-module:
∀x¯ ∈ E×/E×p, TrG(x¯) =
∑
∈G
x¯ =
∏
∈G
(x¯)f (
−1).
Deﬁnition 2.1. Assume that the prime number p does not divide the order of G:
p  |G| = [E : F ]. Then, for each f ∈ Hom(G,F×p ), we introduce the following
Fp-endomorphism of E×/E×p:
ga
f
E/F :=
TrG
|G| ,
i.e, in multiplicative notation,
ga
f
E/F : E×/E×p −→ E×/E×p,
x¯ −→
∏
∈G
(x¯)f (
−1)
|G|−1 .
We call gafE/F the “Galois average of E/F for f ”.
Remark 2.2. In analogy with the terminology introduced in [6, p. 325] for the Reynolds
operator, one can think of gafE/F (x¯) as “averaging” the effect of G on x¯.
The following proposition will be used in the next section and can be deduced
directly from the previous deﬁnition.
Proposition 2.3. Let M be an intermediate ﬁeld: FME, containing the pth roots
of unity: M ⊇ p, such that M/F is a Galois extension. Then, for H := Gal(E/M),
we have
∏
f∈Hom(G,F×p )
(ga
f
E/F ◦i¯) = i¯◦
 ∏
∈Hom(G/H,F×p )
ga

M/F
 ,
where i¯ denotes the monomorphism (since p  [E : F ]) from M×/M×p into E×/E×p
induced by the inclusion i : M× ↪→ E×.
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When p divides the order of G, we need another deﬁnition. Let Gp be the subgroup
of G generated by all the p-Sylow subgroups of G:
Gp :=< {S | S : p-Sylow of G} >
and, to include the previous case, let Gp := 1 be the trivial group whenever p  |G|.
Clearly, Gp is a characteristic subgroup of G. It is the smallest normal subgroup H of
G such that p does not divide the order of G/H . For any subgroup H of G, we have
the following implication:
GpH ⇒ Gp = Hp
(Hp generated by the product of all p-Sylow subgroups of H). Moreover, the map
Hom(G/Gp,F×p ) −˜→ Hom(G,F×p ),
 −→ f
with f () := (¯) ( ∈ G), is a group isomorphism.
Deﬁnition 2.4. Without any hypothesis on the order of the ﬁnite group G, and for
each  ∈ Hom(G/Gp,F×p ), we call “p-Galois average of E/F for ” the following
Fp-endomorphism of
(E×/E×p)Gp = {x¯ ∈ E×/E×p | ∀ ∈ Gp (x¯) = x¯}
still denoted by gaE/F :
ga

E/F : (E×/E×p)Gp −→ (E×/E×p)Gp ,
x¯ −→
 ∏
¯∈G/Gp
(x¯)(¯
−1)
d−1 ,
where d is the order of G/Gp and d−1 its inverse in F×p .
When p  |G|, so Gp = 1, the p-Galois average gaE/F coincides with the Galois
average gafE/F , f = , as in Deﬁnition 2.1.
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Proposition 2.5. Let H := Hom(G/Gp,F×p ). Then
(1) ∀1 ∈ H ∀2 ∈ H ∀x¯ ∈ (E×/E×p)Gp
ga
2
E/F ◦ ga1E/F (x¯) =
(
ga
1
E/F (x¯)
)d−1(∑¯∈G/Gp (1−12 )(¯))
=
(
ga
2
E/F (x¯)
)d−1(∑¯∈G/Gp (2−11 )(¯))
.
(2) ∀1 ∈ H ∀2 ∈ H 1 = 2 ⇒ ga2E/F ◦ ga1E/F = 1, where
1 : (E×/E×p)Gp −→ (E×/E×p)Gp ,
x¯ −→ 1¯.
(3) For every  ∈ H, gaE/F is an idempotent endomorphism of (E×/E×p)Gp :
∀ ∈ H gaE/F ◦ gaE/F = gaE/F .
(4) For every  ∈ H, the image of the p-Galois average of E/F for  is the subspace
which induces the Galois extensibility criterion of Theorem 1.2:
∀ ∈ H Im(gaE/F ) = Norinf ()(E/F),
where inf () is deﬁned on G by
inf () : G −→ F×p ,
 −→ inf ()() := (¯).
Proof. (4) For all 	 ∈ G, ′ := 	 and x¯ ∈ (E×/E×p)Gp ,
	(gaE/F (x¯)) =
 ∏
¯∈G/Gp
	(x¯)(¯
−1)
d−1
=
 ∏
¯′∈G/Gp
′(x¯)(¯′
−1
)(	¯)

d−1
= gaE/F (x¯)f (	).
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This proves that Im(gaE/F ) ⊆ Norf (E/F). Moreover, we have directly
∀x¯ ∈ Norf (E/F), gaE/F (x¯) = x¯,
whence the converse inclusion.
(1) By the previous (4),
∀x¯ ∈ (E×/E×p)Gp , ga2E/F ◦ ga1E/F (x¯) =
 ∏
¯∈G/Gp
(ga1E/F (x¯))
2(¯
−1)
d−1
=
 ∏
¯∈G/Gp
ga
1
E/F (x¯)
1(¯)2(¯
−1)
d−1
whence the desired formula.
(2) and (3) It sufﬁces to use that
∀ ∈ H
∑
∈G/Gp
(¯) = 0 ⇒  = 1. 
3. Direct sum decomposition of E×/E×p by means of Galois averages, and a
product formula in abelian extensions
An insight into the Fp-vector space (E×/E×p)Gp of Deﬁnition 2.4 is given, in terms
of Galois averages, by the following very general theorem:
Theorem 3.1. Let p be an arbitrary prime number and F a ﬁeld of characteristic
not p. For any Galois extension E/F such that E ⊇ p, the following direct sum
decomposition holds:
(E×/E×p)Gp =
⊕
∈H
Norinf ()(E/F)
⊕⋂
∈H
Ker(gaE/F )
 ,
where the notations are as in Proposition 2.5.
Proof. Let us denote H = {1, . . . ,h}. Then write
∀x¯ ∈ (E×/E×p)Gp , x¯ = y¯z¯
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where y¯ := ga1E/F (x¯) · · · gahE/F (x¯) and z¯ := (ga1E/F (x¯) . . . gahE/F (x¯))−1x¯. Now we
apply Proposition 2.5. On one hand, the p-Galois averages being orthogonal projectors,
we get z¯ ∈ ⋂∈H Ker(gaE/F ). On the other hand, the images of p-Galois averages
being the Nor groups, it follows that y¯ ∈ ∑∈H Norinf ()(E/F). Moreover this sum
is direct. 
As a corollary, we get the p-Galois averages kernels.
Corollary 3.2. For any 
 ∈ H := Hom(G/Gp,F×p ),
Ker(ga
E/F ) =
⊕
∈H
=

Norinf ()(E/F)
⊕⋂
∈H
Ker(gaE/F )
 .
Proof. Straightforward application of Theorem 3.1 with Proposition 2.5. 
In view of Theorem 3.1, a natural question is now: when is the Fp-vector space
E×/E×p exactly the direct sum of the groups Norf (E/F) = Im(gafE/F ) (f running
throughHom(G,F×p ))? We answer this question for E/F an abelian extension by
exhibiting a new invariant in any such extension. Let us ﬁrst consider the cyclic ex-
tensions.
Lemma 3.3. Let p be an arbitrary prime number. For G a ﬁnite cyclic group of order
d, the group Hom(G,F×p ) is also cyclic and of order  := gcd(d, p− 1). Precisely, let
us denote by 	 (resp., a¯) a generator of G(resp., F×p ) and q := (p − 1)/. Then
Hom(G,F×p ) = {1, f1, . . . , f −11 },
where f1 is the homomorphism deﬁned by f1(	) = a¯q . Moreover, Ker f1 =< 	 >.
Proof. A particular case of a general formula by Yoshida ([24] or, more recently,
[3]). 
The following proposition gives a ﬁrst example of a product formula for the Galois
averages of a cyclic extension.
Proposition 3.4. Let p be an arbitrary prime number. Let E/F be a cyclic extension
with Galois group G := Gal(E/F) = < 	 >. Assume that char(F ) = p, E ⊇ p,
and p  d := [E : F ]. Then, for  := gcd(d, p − 1), we have∏
f∈Hom(G,F×p )
ga
f
E/F = ga1(E/E<	>)
(where E<	> denotes the ﬁxed ﬁeld into E of the subgroup of G generated by 	).
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Proof. To abbreviate, we write H := Hom(G,F×p ) and
∀x¯ ∈ E×/E×p, GAP(x¯) :=
∏
f∈H
ga
f
E/F (x¯)
for the “Galois Averages Product”. By deﬁnition,
GAP(x¯)d =
∏
f∈H
∏
∈G
(x¯)f (
−1)
 =∏
∈G
(x¯)(
∑
f∈H f (−1)).
Recall that |H| =  (Lemma 3.3). Thus, if  = 1, ∑f∈H f (−1) = 1¯ ( ∈ G) and
GAP(x¯) =
∏
∈G
(x¯)
d−1 = ga1E/F (x¯) = ga1E/E<	>(x¯).
Suppose now that 2. For c := −1d and  := G \ {	j}0 jc−1, we have
GAP(x¯)d =
∏
∈
(x¯)(
∑
f∈H f (−1))
c−1∏
j=0
	j(x¯)(
∑
f∈H f (	−j))
 .
To calculate the sum over the f ∈ H, we apply Lemma 3.3 together with the facts
that a¯q is of order  : o(a¯q) = o(a¯−q) = , and q = p − 1.
• For  ∈ , write  = 	i (i ∈ {1, . . . , d − 1}). Then
∑
f∈H
f (−1) = 1¯+ a¯−qi + (a¯−qi)2 + · · · + (a¯−qi)−1 = 1¯− a¯
−(p−1)i
1¯− a¯−qi = o¯.
• Next, ∑
f∈H
f (	−j) = 1¯+ (a¯−q)j + · · · + (a¯−q)(−1)j = ¯.
Finally, for any x¯ ∈ E×/E×p,
GAP(x¯) =
c−1∏
j=0
	j(x¯)¯
¯
−1
c¯−1
=
 ∏
∈<	>
(x¯)
c¯−1 = ga1
E/E<	
>
(x¯). 
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We shall use the following corollary in the last section for the cyclotomic Galois
descent.
Corollary 3.5. Under the same assumptions as in Proposition 3.4, together with the
hypothesis that d divides p − 1 : p ≡ 1mod d , we have the product formula
∏
f∈Hom(G,F×p )
ga
f
E/F = idE×/E×p ,
and the direct sum decomposition
E×/E×p =
⊕
f∈Hom(G,F×p )
Norf (E/F).
Proof. Since  = d, 	d = 1, and ga1E/E = idE×/E×p , we get by Proposition 3.4
∀x¯ ∈ E×/E×p, x¯ =
∏
f∈Hom(G,F×p )
ga
f
E/F (x¯);
whence the desired direct sum because for all f, the image of gafE/F is the subspace
Norf (E/F) (cf. Proposition 2.5(4)). 
Let us now generalize the previous results to abelian extension. We only sketch the
proofs.
Theorem and Deﬁnition 3.6. Let p be an arbitrary prime number and F a ﬁeld
of characteristic not p. Let E/F be an abelian extension with Galois group G :=
Gal(E/F). Assume that E ⊇ p and p  d := [E : F ]. Denote by P(E/F) (or P for
short) the subﬁeld of E ﬁxed by the intersection of the kernels of the homomorphisms
f ∈ H := Hom(G,F×p ):
P(E/F) = P := E(
⋂
f∈H Ker f ).
Then, the following assertions hold:
(1) ∏f∈H gafE/F = ga1E/P .
(2) ⊕f∈HNorf (E/F) = {x¯ ∈ E×/E×P |
∏
f∈H ga
f
E/F (x¯) = x¯} = P×E×p/E×p.
(3) ⋂f∈H Ker(gafE/F ) →˜ E×/P×E×p.
We call the ﬁeld P “the (Galois averages) product formula ﬁeld of E/F ”.
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Proof. (1) We can write the abelian group G as a direct product of cyclic groups:
G = G1 × · · · ×Gn .
Let 	i be a generator of Gi : Gi =< 	i >, and |Gi | =: di, i := gcd(di, p − 1).
Next, let Hi :=< 	ii > be the subgroup of Gi of order −1i di (i = 1, . . . , n), and
H := H1 × · · · ×Hn. By using Proposition 3.4 for cyclic extensions, we prove that∏
f∈H
ga
f
E/F = ga1E/EH .
Moreover, the subgroup H of G admits an intrinsic deﬁnition. Indeed, each Hi :=
Hom(Gi,F×p ) is a cyclic group: Hi = <fi> where fi is as in Lemma 3.3. Let f˜i :
G→ F×p be the induced homomorphism deﬁned by
f˜i (	i ) = fi(	i ), ∀j ∈ {1, . . . , n} \ {i}, f˜i(	j ) = 1¯.
Clearly,
Ker f˜i = G1 × · · · ×Gi−1 ×Hi ×Gi+1 × · · · ×Gn
and
H = H1 × · · · ×Hn =
n⋂
i=1
Ker f˜i .
But H→˜×ni=1Hi ; so, any element of H can be written f = f˜ m11 · · · f˜ mnn (mi ∈ N).
A consequence is that H =⋂f∈H Ker f as was to be shown.
(2) The ﬁrst equality is a direct application of Proposition 2.5. For the second, let
c := |H |. Following (1),
∏
f∈H
ga
f
E/F (x¯) = x¯ ⇔ ga1E/P (x¯) = x¯ ⇔ NE/P (x)
c−1 = x¯,
where NE/P denotes the norm over P. Whence we deduce that x¯ ∈ P×E×p/E×p.
(3) The previous (2) together with Theorem 3.1. 
Corollary 3.7. We use the same notations as in Theorem and Deﬁnition 3.6. In ad-
dition, let M be an intermediate ﬁeld: FME, with M ⊇ p. We write HM :=
Hom(Gal(M/F),F×p ). Then, if M is a subﬁeld of the Galois averages product formula
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ﬁeld of E/F : MP(E/F), the following equalities hold:
(1) Product formula in End(M×/M×p): ∏∈HM gaM/F = idM×/M×p .
(2) M×/M×p = ⊕∈HMNor(M/F).
(3) ⋂∈HM Ker(gaM/F ) = 1.
Proof. (1) For H =⋂f∈H Ker f , we have the canonical isomorphism
H →˜ Hom(G/H,F×p ),
f → f¯ ,
where f¯ (¯) = f () (¯ ∈ G/H); and ⋂∈Hom(G/H,F×p ) Ker  = 1. It follows that
P(P (E/F)/F ) = P(E/F).
Then, applying the Theorem and Deﬁnition 3.6 in the extension P(E/F)/F , we obtain
immediately the desired three equalities for M = P(E/F).
Now, use Proposition 2.3, again in the extension P(E/F)/F . With P := P(E/F)
and  := Gal(P/F), one gets for all y˜ ∈ M×/M×p,
∏
f∈Hom(,F×p )
ga
f
P/F (i¯(y˜)) = i¯(y˜) = i¯
 ∏
∈HM
ga

M/F (y˜)
 ,
thereby proving (1) via the injectivity of i¯.
(2) and (3) From the previous (1) and the (2) of Theorem and Deﬁnition 3.6,
M×/M×p = {y˜ ∈ M×/M×p|
∏
∈HM
ga

M/F (y˜) = y˜} = P(M/F)×M×p/M×p.
The equality M× = P(M/F)×M×p is sufﬁcient to conclude the proof by virtue of
Theorem and Deﬁnition 3.6. 
Proposition 3.8. Let the notations be as in Theorem and Deﬁnition 3.6. For any in-
termediate ﬁeld M : F ≤ ME, with M ⊇ p, the product formula ﬁeld of M/F is
included in the product formula ﬁeld of E/F : P(M/F)P(E/F).
Proof. Let I := Gal(E/M). By Theorem and Deﬁnition 3.6, P(M/F) = MH =
(EI )H where H := ⋂∈HM Ker , and HM := Hom(G/I,F×p ). Any  ∈ HM in-
duces the “inﬂated homomorphism” inf () ∈ Hom(G,F×p ) deﬁned by inf ()() =
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(¯) ( ∈ G); and we have
H =
⋂
∈HM
(Ker (inf ())/I ) =
 ⋂
∈HM
Ker(inf ())
 /I.
But, for the Galois extension M/F , the restriction to M coincides with the canonical
surjection G→ G/I . Whence we conclude that
P(M/F) = (EI )H = E(
⋂
∈HM Ker(inf ()))
 E(
⋂
f∈Hom(G,F×p ) Ker f ) = P(E/F). 
Theorem 3.9. Let p be an arbitrary prime number. Let E be a number ﬁeld containing
the pth roots of unity. Then, for any subﬁeld KE, the equality E× = K×E×p implies
K = E.
Proof. See [11]. 
Question 3.10. Is the previous theorem more generally true for hilbertian ﬁelds?
At least in the number ﬁeld case, we can now simply characterize the Galois averages
product formula ﬁeld as a new invariant in abelian extensions.
Theorem 3.11. Let the notations be as in Theorem and Deﬁnition 3.6. The following
three equalities are equivalent:
(1) ∏f∈H gafE/F = idE×/E×p ;
(2) E×/E×p = ⊕f∈HNorf (E/F);
(3) ⋂f∈H Ker gafE/F = 1.
Moreover, for E a number ﬁeld, the product formula ﬁeld P(E/F) is the greatest
element in the set of intermediate ﬁelds M,FME with M ⊇ p, such that the
analogues for M of the equalities (1), (2) or (3) hold.
Proof. To prove the equivalence of (1)–(3), it is sufﬁcient to apply Theorem and
Deﬁnition 3.6. Now, let M, FME, be an intermediate ﬁeld such that M ⊇
p and
∏
∈HM ga

M/F = idM×/M×p . Then, Theorem and Deﬁnition 3.6(2) for M
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gives M× = P(M/F)×M×p, which implies by Theorem 3.9 and Proposition 3.8
M = P(M/F)P(E/F).
But the analogues for P(E/F) of the equalities (1), (2) or (3) hold (Corollary 3.7).
Hence, the Theorem 3.11 is proved. 
4. Multiplicative primitive elements, in terms of Galois averages, over a ﬁeld
containing p
Recall the situation: p is any ﬁxed prime number and E/F any ﬁnite Galois extension
of ﬁelds, of characteristic not p, where the ﬁeld E contains the pth roots of unity. In this
section, we exhibit a primitive element of N over E for every cyclic Kummer extension
N/E of degree p such that N/F is a Galois extension. Our primitive elements are
explicit and expressed in terms of (p-)Galois averages of E/F ; so as products in
contrast with the usual additive Lagrange–Hilbert resolvents. A consequence is that,
in general, Galois averages primitive elements are shorter than resolvents primitive
elements because one can easily simplify by the pth powers. (For another illustration
of this point of view, see [16] in contrast with [7].)
Theorem 4.1. Let N/E be a cyclic extension of degree p. Using the same notations
as in Section 2, we have the following equivalence: N/F is a Galois extension if and
only if there exist  ∈ Hom(G/Gp,F×p ) and x¯ ∈ (E×/E×p)Gp such that
N = E(gaE/F (x¯)1/p),
where gaE/F is the p-Galois average of E/F for  (cf. Deﬁnition 2.4). Assume that
is the case. Then, for the application  of Theorem 1.2(2), (N/F) = f with f ∈
Hom(G,F×p ) induced by  : f () = (¯) ( ∈ G).
Proof. Assume that N/F is a Galois extension. By condition (NOR1) in Theorem
1.2(1), there exist f ∈ Hom(G,F×p ) and x¯ ∈ Norf (E/F) \ {1¯} such that N =
E(x¯1/p). Since Hom(S,F×p ) = {1} for every Sylow p-subgroup S of G, we have
GpKer f and f induces  ∈ Hom(G/Gp,F×p ) by (¯) = f () ( ∈ G). More-
over Norf (E/F)(E×/E×p)Gp , and we can take the image of x¯ by the p-Galois
average gaE/F :
ga

E/F (x¯) =
 ∏
¯∈G/Gp
(x¯)f ()
−1
d−1 =
 ∏
¯∈G/Gp
x¯
d−1 = x¯;
R. Massy / Journal of Number Theory 113 (2005) 244–275 261
whence N = E(x¯1/p) = E(gaE/F (x¯)1/p).
Conversely, for every 	 ∈ G,
	(gaE/F (x¯)) =
 ∏
¯∈G/Gp
	(x¯)(¯
−1)
d−1 =
 ∏
¯′∈G/Gp
′(x¯)(¯′
−1
)(	¯)

d−1
,
where ′ := 	. Then, we deduce
	(gaE/F (x¯)) = gaE/F (x¯)(	¯) (	 ∈ G).
As (	¯) = f (	) (	 ∈ G), this is equivalent to say that gaE/F (x¯) ∈ Norf (E/F); and
ga

E/F (x¯) = 1¯ since N is of degree p over E. Finally, N/F is a Galois extension by
condition (NOR1) of Theorem 1.2(1); and we have (N/F) = f by deﬁnition of 
(Theorem 1.2(2)). 
Via the previous Theorem 4.1, we get now a mechanical test, in terms of Galois
averages, to decide when a ﬁeld N, cyclic of degree p over E, induces a Galois extension
N/F .
Theorem 4.2. Let N/E be a cyclic extension of degree p. Let x be any element of E×
such that N = E(x1/p). Then, for N/F to be a Galois extension, it is necessary and
sufﬁcient that the following two conditions (T1) and (T2) are satisﬁed:
(T1) Modulo E×p, the class x¯ is ﬁxed under the Galois action of Gp:
x¯ ∈ (E×/E×p)Gp (cf. Deﬁnition 2.4);
(T2) There exists  ∈ Hom(G/Gp,F×p ) for which gaE/F (x¯) = x¯.
Moreover, when these conditions hold, the homomorphism  is unique.
Proof. Assume that N/F is a Galois extension. By Theorem 4.1,
∃ ∈ Hom(G/Gp,F×p ) ∃ e¯ ∈ (E×/E×p)Gp , N = E(gaE/F (e¯)1/p).
Let y¯ := gaE/F (e¯). By the equality criterion of two Kummer extensions,
N = E(x1/p) = E(y1/p)⇔ (∃i ∈ F×p x¯ = y¯i ).
Then x¯ ∈ (E×/E×p)Gp as y¯, and the condition (T2) follows from the fact that the
p-Galois average gaE/F is a projector (Proposition 2.5(3)). Conversely, by Theorem
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4.1, we deduce directly from N = E(gaE/F (x¯)1/p) that N/F is a Galois extension;
and we have (N/F) = f where f () = (¯) ( ∈ G), whence the unicity of . 
As an easy corollary for the last section, we now answer the following question:
how to extend a cyclotomic extension J (p)/J by a cyclic extension of degree p in
order to get an abelian extension?
Corollary 4.3. Let p be an odd prime number. Let J be a ﬁeld, char J = p, which
does not contain the group p of pth roots of unity: J ∩ p = {1}. We denote:
• K := J (p), d := [K : J ];
• G := Gal(K/J ),	 a generator of G;
•  the cyclotomic homomorphism as in Theorem 1.2(3), and a := (	).
Finally, let N/K be a cyclic extension of degree p. Then, the extension N/J is
abelian if and only if there exists
y¯ ∈ K×/K×p \
(
J×K×p/K×p
d−1⊕
i=2
Nor
i
(K/J )
)
such that N = K(gaK/J (y¯)1/p) with
ga

K/J (y¯) =
(
d−1∏
i=0
	−i (y¯)ai
)d−1
.
Proof. Since d divides p− 1, Hom(G,F×p ) is a cyclic group of order d (Lemma 3.3)
generated by . One checks easily that
Nor1(K/J ) = J×K×p/K×p.
Then, following Corollaries 3.5 and 3.2, we have
Ker(gaK/J ) = J×K×p/K×p
d−1⊕
i=2
Nor
i
(K/J ).
By the (3.2) of Theorem 1.2, a Galois extension N/J with [N : K] = p is abelian if
and only if (N/J ) = . The existence of a solution y¯ is now a direct consequence
of Theorem 4.1. 
5. Galois averages and embedding problems for p-extensions not containing p
In this section, we prove a surprising property of p-Galois averages: they preserve a
2-cocycle of a degree pn+1 Galois extension over a given Galois extension of degree
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pn containing p. This allows us to solve all the embedding problems with kernel
of order p over any Galois p-extension L/J , whenever the corresponding Kummer
problem is solvable. The method is the following. First, we translate L/J to get a Galois
p-extension E/K containing the pth roots of unity. Then, let M = E(x1/p)/K (x ∈
E×) be a solution of a solvable embedding problem over E/K . In general, we cannot
descend M/K to J to get a solution over L/J of the same embedding problem, the
main reason being that M/J is not necessarily a Galois extension. The magic of Galois
averages is that for the ﬁeld N := E(gaE/J (x¯)1/p), the extensions N/K and M/K have
the same cohomology class, while N/J is always a Galois extension. Then, the Galois
descent over J of the solution N/K is possible and can be done by preserving the
cohomology class. Another presentation of these results can be found in [13, Chapter
4] or [14].
Before formulating the theorem, we have to prove a Galois descent result.
Deﬁnition 5.1. (1) [18] Let M/K be a Galois extension and K/J an algebraic exten-
sion. “The Galois descent problem deﬁned by M/K and K/J ” means the following
question: does there exist a ﬁeld D, JDM , Galois over J, such that K ∩D = J
and KD = M ? We denote this problem by [M/K,K/J ].
(2) We call “Galois parallelogram” the datum of four Galois extensions K/J,M/K ,
M/D,D/J such that K ∩D = J and KD = M . We denote it by [J,K,M,D] as a
geometrical abbreviation [17,2].
Lemma 5.2. Let p be a prime number and K a ﬁeld of characteristic different from p.
Let K/J be a ﬁnite Galois extension such that p does not divide the degree [K : J ], and
let N/K be an arbitrary Galois p-extension. We assume that N/J is a Galois extension.
Finally, let us give an intermediate ﬁeld E, KEN , satisfying the following three
conditions:
(i) N is of degree p over E: [N : E] = p,
(ii) E/K is a Galois extension,
(iii) the minimal number of generators of the p-groups Gal(E/K) and Gal(N/K) are
equal:
d(Gal(N/K)) = d(Gal(E/K)).
Then, if the Galois descent problem [E/K,K/J ] is solvable, the Galois descent prob-
lem [N/K,K/J ] is also solvable. Moreover, for F/J (resp., L/J ) a solution of
[E/K,K/J ] (resp., [N/K,K/J ]) we necessarily have F L.
Proof. Let us denote A := Gal(N/E), U := Gal(N/K),  := Gal(E/K); and we
write (U),() for the Frattini subgroups. Since E/K is a Galois extension, A is a
normal subgroup of U. Suppose that A ∩ (U) = 1. Then A(U) = A × (U), and
by [9, p. 273, Satz 3.14c]
A(U)/A = (U/A)⇔ (U) = ().
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But by hypothesis d(U) = d(). So, we deduce from the Burnside basis theorem the
equality |U | = ||, a contradiction because [N : E] = p. Hence, we conclude that
A(U)⇔ N(U)E.
Now, assume that the Galois descent problem [E/K,K/J ] is solvable: there exists
a ﬁeld F, JFE, Galois over J, such that K ∩ F = J, KF = E. Clearly, the
compositum E/J of K/J and F/J is a Galois extension. So we have the Galois
parallelogram [J,K,E, F ]. Next, apply [17, Theorem 1.3(2.2)]: since N(U)/K is
a Galois extension, we have the Galois parallelogram [J,K,N(U), N(U) ∩ F ]. In
particular, the Galois descent problem [N(U)/K,K/J ] is solvable. Then, with the
hypothesis that N/J is a Galois extension, the conclusion follows from [18, Theorem
1] or [19, Theorem 2.6]. 
Proposition 5.3. Let p be an odd prime number. Let F/J be any Galois p-extension
of ﬁelds, char(J ) = p, not containing the pth roots of unity: J ∩ p = {1}. Denote
by E := F(p)/K := J (p) the pth cyclotomic translated extension of F/J . Then, for
all the ﬁelds N such that the next three conditions hold:
(i) [N : E] = p,
(ii) N/K is a Galois extension,
(iii) d(Gal(N/K)) = d(Gal(E/K)) (cf. Lemma 5.2),
the Galois descent problem [N/K,K/J ] is solvable if and only if N/J is a Galois
extension.
When this is the case, [N/K,K/J ] admits a unique solution L/J constructed as
follows: there exists a unique subgroup V of Gal(N/J ) such that
Gal(N/J ) = Gal(N/K)× V
and we have L = NV the ﬁxed ﬁeld of V in N. Moreover, L ∩ p = {1}.
Proof. If [N/K,K/J ] is solvable, N/J is by deﬁnition a Galois extension as a com-
positum of two Galois extensions. Conversely, it sufﬁces to apply Lemma 5.2: [K : J ]
divides p − 1 and the problem [E/K,K/J ] is obviously solvable.
Now, let L/J be a solution of the solvable Galois descent problem [N/K,K/J ].
Clearly, we have the Galois parallelogram [J,K,N,L]. By the splitting property of
the diagonal N/J [2, Proposition 4.1], we get the direct product
Gal(N/J ) = Gal(N/K)×Gal(N/L),
where the p-group Gal(N/K) is solvable. Then, we deduce the uniqueness of the
solution L/J from the Zassenhaus Hauptsatz [9, p. 127] which implies that Gal(N/L)
is unique as a normal complement of Gal(N/K) in Gal(N/J ).
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Moreover, if p ⊆ L, F(p) = E = E ∩ L. But [L : F ] = p and [E : F ] divides
p − 1, so E ∩ L = F . Whence p ⊆ F i.e. p ⊆ J (in the p-extension F/J ): a
contradiction. This completes the proof. 
The following theorem yields an essential improvement of [18, Theorem 2] or [19,
Theorem 4.3] where the p-extension E/K is assumed to be elementary abelian.
Theorem 5.4. Let p be an odd prime number. Let F/J be any Galois p-extension of
ﬁelds, with char(J ) = p, not containing the pth roots of unity: J ∩ p = {1}. We
denote E := F(p)/K := J (p) the translated p-extension, and by  the cyclotomic
homomorphism from Gal(E/J ) into F×p as in Theorem 1.2(3).
(1) Let  ∈ H 2(Gal(E/K),Fp) \ {0} be a non-zero cohomology class inducing a
solvable embedding problem [E/K, ].
(1.1) For any solution M := E(x1/p)/K to this problem, we have
x¯ ∈ (E×/E×p)Gal(E/K),
where Gal(E/K) = Gp for G := Gal(E/J ).
(1.2) The ﬁeld
N := E(gaE/J (x¯)1/p),
where gaE/J is the p-Galois average of E/J for , has the following prop-
erties:
• the extension N/K is again a solution to the problem [E/K, ];
• N/J is a Galois extension;
• Gal(N/K) admits a unique complement V into Gal(N/J ) which splits in
the direct product
Gal(N/J ) = Gal(N/K)× V.
(2) Let L := NV be the ﬁxed ﬁeld of V into N.
(2.1) We have the Galois parallelograms [J,K,N,L], [F,E,N,L].
(2.2) For any element X ∈ N such that X¯p = gaE/J (x¯), we have L = F(T ) where
T is the trace T := TrN/L(X).
(3) Let p be primitive pth root of unity. For X a ﬁxed element in the (2.2), we can
identify Gal(N/E) to Fp by
Gal(N/E) −˜→ Fp ,
(X)
X
= np.
 → n,
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Moreover, the following identiﬁcations can be made:
Gal(N/E) −˜→ Gal(L/F) , Gal(E/K) −˜→ Gal(F/J ).
 → |L,  → |F .
Then, the extension L/J is a solution to the embedding problem [F/J, ].
Remark 5.5. Following (1), any solvable embedding problem [E/K, ] admits a solu-
tion N/K such that N/J is a Galois extension.
Proof of Theorem 5.4. (1) By Theorem 1.2(1) and (2), we have
x¯ ∈ Nor1(E/K) = (E×/E×p)Gal(E/K).
Since K/J is a Galois extension and [K : J ] divides p − 1, Gal(E/K) is a normal
p-Sylow subgroup of G := Gal(E/J ). Then Gp = Gal(E/K), and we can take the
image gaE/J (x¯) which deﬁnes the ﬁeld N. The fact that N/J is a Galois extension is
a direct application of Theorem 4.1.
Now, we prove that N/K is again a solution of the embedding problem [E/K, ]. Let
us ﬁx, once for all, a primitive pth root of unity p, which induces the identiﬁcations
lg : p −˜→ Fp, Gal(M/E) −˜→ Fp .
np −→ n,  −→ lg( (x
1/p)
x1/p
).
Since x¯ ∈ (E×/E×p)Gp , there exists a family {x}∈Gp ⊆ E such that
∀ ∈ Gp, (x) = xp x.
The cohomology class of the Galois extension M/K is the class of the 2-cocycle
z ∈ Z2(Gp,Fp) deﬁned by
∀(	, ) ∈ G2p, z(	, ) = lg
(
x		(x)
x	
)
(cf. [15, Section 3]). Next, we consider the following endomorphism of E×:
gV : E× −→ E×,
e −→ gV (e) :=
( ∏
v∈V
v(e)n(v¯
−1)
)d−1
,
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where V := Gal(E/F), d := |G/Gp| = |Gal(K/J )| and
∀v¯ ∈ G/Gp = Gal(K/J ), n(v¯) ∈ Z, n(v¯)mod p = (v¯).
It is clear that KF = E and K ∩ F = J , whence
Gal(E/J ) = Gal(E/K)×Gal(E/F) = Gp × V
and the restriction to K : v −→ v¯ = v|K , induces an isomorphism from V onto
Gal(K/J ). For x¯ ∈ (E×/E×p)Gp , we deduce modulo E×p
gV (x) =
 ∏
v¯∈Gal(K/J )
v(x¯)(v¯
−1)
d−1 = gaE/J (x¯).
In particular, N = E(gaE/J (x¯)1/p) = E(gV (x)1/p). Now, since the elements of Gp
and V commute,
(gV (x))
gV (x)
=
(∏
v∈V
v
(
(x)
x
)n(v¯−1))d−1
= (gV (x))p ( ∈ Gp).
Then, the cohomology class of the extension N/K is the class of the 2-cocycle t ∈
Z2(Gp,Fp) deﬁned by
∀(	, ) ∈ G2p, t (	, ) = lg
(
gV (x	)	(gV (x))
gV (x	)
)
.
But 	(gV (x)) = gV (	(x)) (	 ∈ Gp) and
gV (p) =
(∏
v∈V
(v¯)(v¯
−1)
p
)d−1
= p.
So
∀(	, ) ∈ G2p, t (	, ) = lg(gV (z(	,)p )) = z(	, ).
More than just the equality of the cohomology class, we have proved the equality of
the 2-cocycles z and t.
Now z¯ = t¯ =  = 0 by hypothesis implies d(Gal(N/K)) = d(Gal(E/K)) (otherwise
N/K would be a split extension over E/K). Then, Proposition 5.3 applies: there exists
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a unique complement V of Gal(N/K) into Gal(N/J ) which is a direct factor; so (1)
is proved.
(2) (2.1) Again by Proposition 5.3, (L := NV )/J is the solution of the Galois
descent problem [N/K,K/J ], whence the Galois parallelogram [J,K,N,L]. More-
over [J,K,E, F ] is obvious by construction. So we get the Galois parallelogram
[F,E,N,L] as a consequence of [17, Theorem 1.3(4)].
(2.2) Clearly, N = E(gaE/J (x¯)1/p) = N(X¯p1/p) = N(X). Then, it sufﬁces to apply
[5, p. 245, Theorem 5.3.5(2)] or [19, Theorem 3.2 (2)].
(3) From the previous (2.1), we deduce that a 2-cocycle describing the Galois group
extension induced by L can be obtained by restriction to L of a 2-cocycle for the Galois
group extension induced by N. This completes the proof. 
6. Primitive elements for all non-Kummer cyclic extensions of prime degree
For the convenience of the reader, we specialize here Section 5 to state the following
well-known special result.
Proposition 6.1. Let p be an odd prime number, and J a ﬁeld, char(J ) = p, not
containing the pth roots of unity: J ∩ p = {1}. Let N/K := J (p) be a cyclic
extension of degree p.
(1) The Galois descent problem [N/K,K/J ] (Deﬁnition 5.1) is solvable if and only
if N/J is an abelian extension.
(2) Assume [N/K,K/J ] solvable, and let L/J be a solution.
(2.1) L/J is unique. Precisely, L = NV where V is the unique complement of
Gal(N/K) into Gal(N/J ).
(2.2) For any X such that Xp ∈ K and N = K(X), we have L = J (T ) where T is
the trace T := TrN/L(X).
Proof. (1) [19, Proposition 2.4]; (2.1) Proposition 5.3; (2.2) [5, p. 247]. 
As an application of the previous sections, we rediscover here, in terms of Galois
averages, known results of [5, p. 245, Theorem 5.3.5]. However, we provide a more
explicit way to express a primitive element of the translated Kummer extension: in-
stead of the additive form of a Lagrange resolvent, we provide a product as a Galois
average (cf. beginning of Section 4). Throughout this section, the notations are those of
Corollary 4.3 with, in addition, L/J a cyclic extension of degree p and N := L(p).
Proposition 6.2. (1) For the abelian extension N = K(x1/p)/J , let us choose
x :=
d−1∏
i=0
	−i (y′)ai
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as a representative element in K× of gaK/J (y¯) (cf. Corollary 4.3) where y′ := yd
′
with d ′ ∈ {1, . . . , p − 1} such that dd ′ ≡ 1mod p (d the degree of K/J ) and, here,
a ∈ {1, . . . , p−1} as a representative integer. Then, for q ∈ N deﬁned by ad = 1+qp,
the following equality holds:
	(x)
xa
=
(
1
	(y′)q
)p
.
(2) Let  be the unique element of Gal(N/L) the restriction of which is |K = 	. For
any X ∈ N such that Xp = x, the image of X by  is
(X) = X
a
	(y′)q
.
Proof. (1) By straightforward calculation:
	(x)
xa
= 	(y
′)
	−(d−1)(y′)ad
= 	(y
′)
	(y′)ad
= 1
	(y′)qp
.
(2) Via the previous (1)
(
(X)
X
)p
=
(
1
	(y′)q
)p
.
So, for some integer , (X) = px	Xa with x	 := 	(y′)−q ; and inductively
n(X) = nan−1p
n−1∏
j=0
	j (x	)a
n−j−1
Xan (n ∈ N \ {0}).
Let us write now
d(X) = dad−1p
d−1∏
j=0
	−(d−j)(x	)a
d−j−1
Xad ,
where
Xa
d = X1+qp = xqX =
(
d−1∏
i=0
	−i (y′q)ai
)
X,
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and replace 	(y′)−q for x	. We get
X = d(X)=dad−1p X.
As d and a are non-zero in Fp, this implies that =0, whence (X)=Xa/	(y′)q . 
We can now exhibit an explicit primitive element for any non-Kummer cyclic exten-
sion of prime degree.
Theorem 6.3. Let p be an odd prime number. Let J be a ﬁeld of characteristic different
from p which does not contain the pth roots of unity: J ∩ p = {1}. For any cyclic
extension L/J of degree p, a primitive element T of L over J : L = J (T ), is the
following:
T = X +
d−1∑
i=1
(
Xa
i
i−1j=0	i−j (za
j
)
)
where the notations are those of Proposition 6.2, and
z := y′q = yd ′q .
Proof. By construction, N = K(X) (cf. Corollary 4.3). Applying Proposition 6.1(2.2),
we have L = J (T ) for the trace T =
d−1∑
i=0
i (X). Then, the formula giving T follows
from (X) = Xa/	(z) by Proposition 6.2(2). 
7. Construction of cyclic extensions of degree 3 or 9 without the 3th roots of
unity
In our formulas giving primitive elements, high exponents are sources of annoyance.
But, for a given degree, it is always possible to simplify it. By way of example, we
do it in this section for degrees 3 and 9.
To compare the Kummer and non-Kummer cases, let us restate the usual
Theorem 7.1 (All Kummer cyclic extensions of degree 3). Let K be a ﬁeld, char(K)
= 3, containing the 3th roots of unity: K ⊇ 3. A ﬁeld extension N/K is cyclic
of degree 3 if and only if there exists x ∈ K×, the modulo K×3 class of which is
non-trivial: x¯ ∈ K×/K×3 \ {1¯}, such that N = K(X) with X3 = x.
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A corresponding non-Kummer statement is the following:
Theorem 7.2 (All non-Kummer cyclic extensions of degree 3). Let J be a ﬁeld,
char(J ) = 3, not containing the 3th roots of unity: J ∩ 3 = {1}, and K := J (3). A
ﬁeld extension L/J is cyclic of degree 3 if and only if there exists y ∈ K×, the modulo
K×3 class of which satisﬁes
y¯ ∈ K×/K×3 \ J×K×3/K×3,
such that
L = J
(
X + X
2
y
)
with
X3 = NK/J (y)y
(NK/J (y) being the norm of y over J).
Proof. We have [K : J ] = 2, G := Gal(K/J ) = {1,	} with 	(3) = 23, 〈 3 〉 = 3,
and Hom(G,F×3 ) = {1, } where  is the cyclotomic homomorphism (Theorem 1.2(3)).
Assume that L/J is a cyclic extension of degree 3. The compositum extension
N := KL/J is abelian and, by Corollary 4.3, there exists y¯ ∈ K×/K×3 \J×K×3/K×3
such that N = K(x¯1/3) with
x¯ = gaK/J (y¯) = (y¯	(y¯)2)2 = y¯2	(y¯).
To simplify the equalities in Proposition 6.2, we choose here
x = y2	(y) = NK/J (y)y.
For X3 = x and  the generator of Gal(N/L), we have (X) = X2
y
. Hence, following
Proposition 6.1(2.2), a primitive element of L over J is the trace T = X + X2
y
.
Conversely, since
NK/J (y)y = gaK/J (y¯), y¯ ∈ K×/K×3 \ J×K×3/K×3,
we know by Corollary 4.3 that N := K(gaK/J (y¯)1/3)/J is an abelian extension of
degree 6. Let V be the complement of A := Gal(N/K) in Gal(N/J ). By the surjective
restriction to K
Gal(N/J ) = A× V −→ Gal(K/J ) =< 	 >,
v −→ v|K,
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there exists  ∈ V such that |K = 	. And for x := NK/J (y)y = X3, we have
	(x)
x2
= 1
y3
⇔ (X) = j
n
y
X2 (n ∈ F3, j3 = 1).
But V is of order 2, so 2 = idN which implies n = 0. Then
X + X
2
y
=
∑
v∈V
v(X).
Finally, L = J (T ) with T = TrN/L(X). By Proposition 6.1, this proves that L/J is a
cyclic extension of degree 3. 
The following general proposition will be useful to describe the degree 9 cyclic
extensions of ﬁelds not containing the 3th roots of unity.
Proposition 7.3. Let p be an odd prime number. Let J be a ﬁeld, char(J ) = p, not
containing the pth roots of unity: J ∩p = {1}. Let F/J be a cyclic extension of degree
pn and E := F(p)/K := J (p) the p-cyclotomic translated extension. There exists a
ﬁeld LF such that L/J is a cyclic extension of degree pn+1 if and only if there exists
an element  ∈ E with norm over K a primitive pth root of unity p : NE/K() = p.
Proof. The direct sense is known (see e.g. [1, p. 207, Theorem 11]). For the reciprocal,
it sufﬁces to use Theorem 5.4. 
In the notations of the previous Proposition 7.3 for p = 3 and n = 1, apply now
Theorem 7.2 to the cyclic extension F/J : we have E = K(X0) with X30 = NK/J (y0)y0
for some y0 ∈ K×/K×3 \ J×K×3/K×3. Let  be the generator of Gal(E/K) deﬁned
by (X0)/X0 = 3.
Lemma 7.4. Assume that there exists  ∈ E such that NE/K() = 3. Let 〈x¯1〉 :=
{1¯, x¯1, x¯21 } be the F3-vector space generated by the class modE×3 of the element
x1 = x1/30 ()2(2),
where x0 := NK/J (y0)y0 = X30. Then,
(E×/E×3)Gal(E/K) = (K×E×3/E×3)⊕ 〈x¯1〉.
Proof. For any x¯ ∈ (E×/E×3)Gal(E/K), let us ﬁx x ∈ E× such that (x)/x = x3 .
Since NE/K(x) = i3 (i ∈ F3) and (x1)/x1 = 3 with NE/K() = 3, we deduce from
Hilbert Theorem 90 that there exist k ∈ K× and e ∈ E× for which x = ke3xi1. Whence
the desired direct sum because (K×E×3/E×3)∩ < x¯1 >= 1¯. 
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Remark 7.5. For general primitive elements like the preceding x1 of Lemma 7.4, see
[15] or [20]. For a kernel of order 2, see also [21].
Theorem 7.6 (All degree 9 cyclic extensions without 3). Let J be a ﬁeld, char (J ) =
3, not containing the 3th roots of unity: J ∩ 3 = {1}. Let F/J be a cyclic extension
of degree 3 and K := J (3), E := F(3). A ﬁeld LF induces a cyclic extension
L/J of degree 9 if and only if there exists an element of E
y := kxi1,
in which x1 is deﬁned by Lemma 7.4 and i ∈ {1, 2}, k ∈ K×, such that
L = F
(
X + X
2
y
)
with
X3 = NE/F (y)y.
Proof. Assume the existence of a ﬁeld L. For N := L(3), we have the Galois paral-
lelogram [J,K,N,L]; and so is [F,E,N,L] by Theorem 1.3(1.1) in [17]. Clearly, the
diagonal N/J is an abelian extension. Following Theorem 4.1 with G := Gal(E/J )
and G3 = Gal(E/K), N/J is a Galois extension if and only if
∃  ∈ Hom(Gal(K/J ),F×3 ) ∃ y¯ ∈ (E×/E×3)G3 , N = E(gaE/J (y¯)1/3).
Moreover, (N/J ) = f where f () = (¯) ( ∈ G). By the (3.2) of Theorem 1.2,
this leads to  =  the cyclotomic homomorphism of Gal(K/J ) = {1, 	¯}, namely
(	¯) = 2mod 3. If Gal(E/F) = {1,	}, we get
ga

E/J (y¯) = (y¯	(y¯)2)2 = y¯2	(y¯) = NE/F (y)y.
Thus, N = E((NE/F (y)y)1/3) with (see Lemma 7.4)
y¯ ∈ (K×E×3/E×3)⊕ 〈x¯1〉 ⇐⇒ (∃ k ∈ K× ∃ i ∈ F3, y¯ = kxi1).
But N/K is a cyclic extension as L/J . This excludes the value i = 0 because for
y ∈ K×, N/K would be a split extension. Let  be the extension of 	 to Gal(N/L). For
X3 = NE/F (y)y, we deduce from 2 = idN that (X) = X2y . Now, apply Proposition
6.1(2.2) in the Galois parallelogram [F,E,N,L]: the trace
T = X + (X) = X + X
2
y
is a primitive element of L over F as desired.
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Conversely, since G is an abelian group, NE/K(X3) = NE/F (NE/K(y))NE/K(y)
with NE/K(y) = k3(NE/Kx1)i = k3xi0 (Lemma 7.4). To have X3 ∈ E×3 implies
xi0 ∈ J×K×3, and so is x0 because i ∈ F×3 by hypothesis; but x0 = NK/J (y0)y0
where y0 ∈ K× \ J×K×3: a contradiction. Then, it is proved that X3 ∈ E× \ E×3,
i.e [N : E] = 3 for N := E(X). Moreover X3 = NE/F (y)y = gaE/J (y¯). Thus, by
Theorem 4.1, (N/J ) = ˜ where ˜ is the extension of  to G. Since the degree 6
extension E/J is abelian, therefore cyclic, we deduce from the (3.2) of Theorem 1.2
that N/J is abelian. Apply now the Zassenhaus Theorem [9, p. 126, Hauptsatz 18.1]:
there exists a unique complement V of Gal(N/K) into Gal(N/J ). Let D := NV be
the ﬁxed ﬁeld of V. It is clear that D induces the Galois parallelogram [J,K,N,D].
At this point, the same reasoning as above in the subparallelogram [F,E,N,D] leads
to
D = F(T ) = F
(
X + X
2
y
)
= L.
Now Gal(L/J )→˜Gal(N/K) (in the parallelogram [J,K,N,L]) and it remains to
prove that N = E(X) = E((NE/F (y)y)1/3)/K is a cyclic extension. With the following
equalities:
x := NE/F (y)y = y2	(y), y = kxi1, x1 = x1/30 ()2(2),
a straightforward calculus gives (x)
x
= (2	())3i . But NE/K(2	()) = 3 ensures
that L/J is not a split extension. As an abelian extension, it is cyclic of degree 9. This
concludes the proof. 
Remark 7.7. In Chapters 2 and 7 of [10], generic polynomials are provided for cyclic
extensions of degree 3 or 9, respectively.
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